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When Do Open-Loop Strategies for Combustion Control Work?
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This paper addresses open-loop control strategies that involve a low-frequency modulation of the fuel injection
for suppression of pressure oscillations in combustion systems. Such a strategy has been employed in a number of
recent investigations. Using a physically based model, analytical explanations for the effectiveness of such a low
pulsing strategy are provided in this paper. Conditions are derived on the frequency and the duty cycle used in the
control strategy that lead to stabilization in the combustor, underideal and nonideal switching strategies, and in

the presence of hysteresis.

Nomenclature

A, = cross-sectional area of the inlet/outlet
c = speed of sound
L = length of the combustor
L, = length of the inlet/outlet
P = pressure
0] = total heat release
S, = burning velocity
T, = pulse period
u = axial velocity
14 = volume of combustor
w, = pulse width
y = specific ratio
Ah, = heat of reaction
¢ = passive damping ratio in the combustor
n(t) = modal basis function
&(r,t) = axial displacementof the flame
Pu = density of the unburnt mixture
T, = convectivedelay
T = characteristic propagation delay
¢ = equivalenceratio
oy = instantaneousequivalenceratio
¥(x) = modal basis function
13} = effective Helmholtz frequency
) = steady quantity
)y = perturbation quantity

I. Introduction

N important performance requirement of lean premixed com-
bustion systems is stability over the entire operating range of
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fuel/airflow. Unstable pressure oscillations are undesirable as they
impact the component lifetime and the overall turbine in general.
Avoiding unstable operating conditions by increasing the equiva-
lence ratio negatively affects other desirable performance specifica-
tions such as low NO, and high efficiency.

Combustion instability has been observed in systems such as
afterburners, gas turbines, and waste incinerators. Practical solu-
tions to avoid it include changes in the acoustic parameters and/or
the combustion stabilization mechanisms as well as the use of
dampers. Lack of understanding of the underlying mechanisms,
models that can predict the instability characteristics as a func-
tion of the system geometry, design and operating conditions make
it difficult to design stable systems without the use of numerous
iterations.

Active control technologies have been explored over the past
decade in an effort to combat the unstable dynamics without re-
quiring major hardware redesigns, limiting the operability regime
of the engine, or shifting the operating condition away from the
state of lowest emission in lean systems or highest power density
in near stoichiometric systems. Five different methods have been
adopted for active control: 1) phase-shiftcontrol, which consists of
filtering, phase shifting, and feeding back the pressure signal'~8;
2) model-based control, which consists of developing a physically
based model of the combustion dynamics has been demonstratedto
yield an optimal stabilizing response under certain conditions’~!2;
3) observer-based control,'® which has been shown to result in sat-
isfactory pressure suppressionusing an on-line determination of an
observerand a phase-shiftcontrollerbased on the observer parame-
ters; 4) control based on system-identification-based modeling'*!3;
and 5) open-loop control strategies,'®~2' where the mass flow
rate of a fuel injector (and therefore the equivalence ratio) is
switched between two different values at a significantly slower fre-
quency than the resonant frequency. This paper concerns analyti-
cal discussions of the last method just listed.

Richards et al.'®~18 used a low-frequency pulsing strategy to sta-
bilize the pressure oscillations with no feedback. A similar low-
frequency modulation was used by Brouwer et al.! The presence
of hysteresisin the combustor was used by Knoop et al.?® and Isella
et al.?! to design a low-frequency pulsing strategy to suppress the
pressure oscillations. A 20-kW gas-turbine combustor with a res-
onant frequency of 300 Hz and an equivalence ratio of 0.85, was
stabilizedin Richardset al.!® using a fuel-injectoroscillatedat 50 Hz
and atduty cyclesbetween 0.36 and 0.5. It was also observed that for
larger duty cycles (than 0.6) the same injectorled to oscillationsof a
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higher amplitude than without control. The switching strategy was
used in a similar rig,!” but with different switching frequency and
duty cycle at different operating conditions. It was shown that the
300-Hz oscillations are reduced significantly by switching between
equivalence ratios of 0.65 and 0.75 and an airflow rate of 20.7 g/s,
for all switching frequencies less than 20 Hz and duty cycles close
to 0.5. The hypothesis proposed in Richards et al.!” for why stabi-
lization occurs was that these two values of the equivalence ratio
correspond to “stable” operating points, and therefore stabilization
occurs by switching between these two stable values although the
intermediate value of ¢ =0.7 corresponds to an “unstable” operat-
ing point. Practical considerations of deployment of fuel injectors,
in terms of their number as well as location that generate such stable
operating points, were discussed by Richards.!®

The question that arises is: Why does such an open-loop control
strategy work? What are the limits of operation of such a method-
ology? Given that low-frequency pulsing is an attractive method
becauseit circumvents the constraints caused by the currently avail-
able bandwidth of available fuel injectors, what are the guidelines
for fuel-injector pulsing strategy as well as fuel-injector design in
terms of number and location for optimal pressure suppression? If
hysteresisis indeed presentin a combustor, what are the guidelines
for designing a switching strategy ? We will attempt to answer these
questions in this paper.

II. Analytical Model

In this section we model the combustion dynamics by deriving
models of heat release, acoustics and inhomogeneity dynamics, and
the coupling dynamics.

A. Heat-Release Dynamics

At high Damkohler numbers and weak-to-moderate turbulence
intensity, turbulentcombustioncan be modeled using wrinkled lam-
inar flames.?>?* Incorporating the effects of perturbations in the
equivalence ratio, the flame surface can be described by a single-
valued function £(r, t), and the total heat release Q is proportional
to the integral of this surface over an anchoringring. These relations
are given by

ot ar or

R 2
Q=K(¢)/ ‘/1—0—(%) dr )
0 or

with S, as the burning velocity Ak, as the heat of reaction being
a function of ¢; k(¢) =2mp,S.(¢)Ah,(¢p); and p, as the density
of the unburnt mixture. To derive a linear model, the effects of
perturbationsin both u and ¢ will be considered.

Assuming negligible velocity component in the radial direction
and linearizing around nominal values i, S, and &£ () and denoting
(+) and (-)’ as steady and perturbation, respectively, we can derive
the following linear model**:

2
£=u—v£—5u(¢) (E) +1 )]

Q' =dou' +d[u, )]+ d[e, O] +dst/ + o (3)

where
A ! R
xr(f)=/ x(¢)dg, f/=§—

the coefficients ; depend on S, and ¢, and 7, represents the char-
acteristic propagation delay of the flame surface into the reactants
flow.

B. Acoustics

Combustors exhibit instabilities over a range of frequencies
including the Helmholtz mode, the longitudinal, and transverse
modes. These represent the acoustic componentof the instability or

the host oscillator. The equations governing the first two are given
by

dzp’ dp’ y—1
2 —_ 2p =L ——4 ,t 4
dtz-l—{a)dt—l—a)p vq(x) 4)
82p/ __28217/

o o — v De ®)
In the preceding w = /(c}A;/L;V +c?A,/L,V) is the effective
Helmholtz frequency? associated with a combustor connected to
ducts. The passive damping caused by differentdissipationsources,
for examples, heat loss and friction, is accounted for in the natu-
ral damping ratio ¢, and ¢ is the mean speed of sound. The same
approach can be used for transverse modes as well (for exam-
ple, screech modes in rockets?®). In what follows, we assume that
flames are localized close to the anchoring plane so that ¢'(x, 1) =
q'(1)3(x — xp).

Using an expansionin basis functions for both Egs. (4) and (5) as

POt =5 Y i) ©)

1=0

where ¥ is a constantbecauseit correspondsto the spatial variation
in the bulk mode, v; (x) =sin(k;x + ¢;¢), wherei =1, ...,n, and
k; and ¢;( are determined from the boundary conditions. Performing
a weighted spatial averaging, the modal amplitudes can be shown
to follow’

W+ 20w + oy = Z i’[d} (7

i=1

where l~70=(y -1V, b; =vyaoy;(xp)/E fori=1,...,n;

L
E=/ Y2 (x) dx
0

y is the specific ratio; ap = (y — 1)/y p; ¢ represents the passive
damping ratio in the combustor (Dissipation in a combustor can
be caused by heat losses in the flame zone and friction caused by
viscouseffects.); L is its length; w? = /(A,/L,V); V is the volume
of the combustor; A, and L, are the cross-sectionalarea and length
of the inlet/outlet neck connected to the combustor; and w; = k;¢
fori=1,...,n. Typically,wy K w; fori=1,...,n.

C. Coupling Dynamics

In the case when a Helmholtz-type resonance is triggered in the
combustor, the acoustic velocity is very small, and the possible cou-
pling between heat-release fluctuations and acoustics is through the
pressure, which in turn produces perturbations in the equivalence
ratio via feedline dynamics.?’ In particular, if either the air- or fuel-
flow feeds is choked and the other feed is unchoked, ¢ can fluctu-
ate. The instantaneousequivalenceratio ¢, when linearized, can be
shown to satisfy the relation

¢, = — (/i) ®)

In addition, there is a convective delay 7. caused by transport lag
from the supply to the burning plane of the flame, and hence,

¢ =¢;(t — ) ©

where 7. = L/u and L is the distance between the supply and the
burning plane.

The equivalence ratio perturbations,in turn, can be related to the
pressure perturbationsin the combustor by considering the momen-
tum conservationin the inlet duct,

’
u; + Lap =0 (10)
ot pi 0x
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where u; and p; denote the velocity and the pressureat the inlet duct,
respectively. When the dominant acoustic modes are longitudinal,
both perturbations in # and ¢ can induce instability. The coupling
between u and p can be determined using the energy conservation
equation as

ap’ u’
—_— — =(y -1 11
” +VP8 (y = Dq' (1D

D. Overall Model

Combining the acoustics, heat-release,and convectivelag effects,
we obtain the following equation:

i + 2C i + @i = l~7[{d0u’ +d; [”;f (t)] + d2[¢;f (t)]

+dspl(t — 1) +dpd (1 — 7)) (12)

This indicates that two different coupling mechanisms are possible
excitations for the acoustics, one resulting from the velocity per-
turbations #” and the other from equivalence ratio perturbations ¢'.
Equation (12) also indicates that two differenttime delays rand T,
can induce these excitations, one arising from propagation effects
and the other from convection.

The complete combustion dynamics is therefore determined by
Eq. (12) and the coupling relations given by Egs. (9-11). For ease
of exposition, we assume that only one acoustic mode is present,
and set n; = n. If the variations are mainly in u’, then Egs. (11) and
(12) can be combined to obtain the relation

i+ 260won + wgn — yan(t — ;) =0 (13)
where
2 2 R
250wo = 2t w — y1, wy ="+, V1=§—V2
_ dy R
Y2 = kS, ﬁ w< ) T = S_u (14)

xf

and if they are caused by ¢’ then Egs. (9), (10), and (12) can be
combined to obtain

i+ 20wi + ofn — Bt — 1) + Boan(t — 7)) — Banse(t) =0
I—Tf
Nfe =/ n(¢)dg (15)
I—Tf Tc
where
- R
~¢_. [ dAh, - dS, -
B =2xb=cyk | S, + Ah, Edr
u do ; d¢ ; 0
B = 2w 13%5 k2 ¢
" _,dS, d L
Bs = —2mAh, bif k*§* — 5 T, ==
u “ d¢ dr u
0

At the acoustic frequency, the impact of the fifth and sixth term on
the left-hand side of Eq. (15) is typically smaller. Also 7, is small
comparedto t, in many cases. Hence a simplified version of Eq. (15)
can be analyzed in the form

n+20wn+w'n—PBinit—1)=0 (16)

The structure of Eq. (16) is identical to that of Eq. (13) with the dif-
ferencesonly caused by the parameters. This implies that time-delay
effects are present both in the presence of u’ and ¢’ perturbations,
withthe distinctionthat with u’, the time delayis caused by 7, which
is caused by flame propagation,and with ¢', the delay is caused by

7., a convection effect. The other distinction is in the damping ef-
fect; in the former, if y; is positive, even in the absence of any time
delay, instabilities can be present. In the latter, on the other hand,
instability is only caused by the time delay t.; the damping effect is
stabilizing.

E. Discussion

The models in Egs. (13) and (16) were discussed at length in
Hathout et al.,* and were shown to exhibit intervals of alternating
stableand unstablebehavioras the time delay increased. These mod-
els were also shown to predict the instability behavior of a number
of experimental rigs. In particular, the model in Eq. (16) was shown
to alternate between stability and instability as the convective lag
7. increased, which was similar to the properties of the rig consid-
ered in Richards et al.!¢ Similarly, the model in Eq. (13) appears to
match the stability map in Fig. 6 in Richards et al.!” which shows
the stability bands.

A few comments about the various parameters in Egs. (13) and
(16) are in order. We discuss the parameters in Eq. (13) first. The
dependence of y; on ¢ is straightforward because of the changes
of Ah, and S, with ¢. In general, for values of ¢ <1, y, and y,
increase with ¢. Similarly, 7 increases with a decreasing ¢ because
of its dependence on S, for values away from the lean blow out
(LBO) limit and unity. The dependence of w on ¢ is indirect and
occurs through the temperature, which increases as ¢ increases and
hence increases the speed of sound and therefore the frequency. The
quantity ¢y dependson the flame position with respectto the acoustic
mode. For example, a quarter-wave acoustic mode implies that y;
is negative and therefore ¢, is positive, and, hence, leads to a stable
system for small values of 7, and destabilizes as 7, increases.

The parameters in Eq. (16) are also dependent on ¢ but to a
smaller extent. For example, changesin 7. are more likely to occur
with changes in the mean velocity « rather than ¢. Even though the
parameter 8; changes with S, and Ah, as ¢ increases because it
occurs as a linear coefficient in Eq. (16), its changes do not produce
drastic differences in the stability characteristics of Eq. (16). The
damping coefficient is unchanged with flame position, whereas the
frequency dependence with ¢ is the same as in Eq. (13) because of
temperature changes.

III. Stabilization Using the Open-Loop
Control Strategy

In this section we address the problem of stabilization using an
open-loop control strategy that consists of switching between two
values of equivalenceratio. In particular, we will focus on the strate-
gies used in Richards et al.'®!7 which consist of changing the equiv-
alence ratio between two constant values at a frequency that is sig-
nificantly lower than the resonant frequency. The discussionsin the
preceding section indicate that while the specific dependence of the
individual parameters mightbe different, the general class of models
that describe the combustion instability is of the form

i+ 20000 + (@ — k) +hkon(t —1) =0 17

with the exact variationsin ¢y, w, ki, k,, and T dependingon whether
the instability is caused by u’ or ¢’ . Using the model in Eq. (17),
we derive the conditions under which the switching strategy can
stabilize the combustion dynamics. Design procedures for meeting
these stabilization conditions are also discussed.

A. Ideal Switching

The control strategy in Richards et al.!®!” can be described as
follows: Starting from f, =0, define , =¢,_, + T, for i > 1 and
modulate equivalenceratio according to

ol for
b, for

tz—1§t<tz—l+ m

18
[—1+Wme§t<t[ ( )

¢ ={

where 0 < W, <1 is the pulse width and T}, is the pulse period.
The parameters (w, &y, ky, k,, T) of the model (17) are functions of
¢, and under this ideal switching strategy the system (17) becomes
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a time-varying time-delay system. Our objective is to analyze the
stability of this system and derive conditions from which the design
variables (¢1, ¢, W,, T,,) can be computed readily.

Let us rewrite Eq. (17) in the following way:

1+ 28pwyn + (a); —k1¢)n +a1¢n(t —T¢l) +a2¢n(t —T¢2) =0
(19)

where subscripts have been introduced to show dependence of the
parameterson equivalenceratio ¢. We have also broughtin two new
functions o4 and a,,4 that switch according to

s = ka gy if ¢ = x
ko 0 otherwise

The procedure outlined next establishes, in a rigorous manner,
that the system in Eq. (19) can be stabilized using a large enough
T,, provided that there are two operating points with equivalence
ratios ¢, and ¢, on either side of the desired unstable operating
point with at leastone of them being stable. Once this is established,
the questionthat remainsis to determine the conditionsunder which
suchastability patternexistsin a givenrig. In particular, we note that
the stability of the system in Eq. (19) is dependenton the parameter
values of f(¢), where

f (@) = (wg, $p. ki, A, 012g, Tg) (20)
which obviously changes with ¢. This dependence is discussed in
Sec. VL.

1. Stability Conditions Under Ideal Switching

Itis clearthatEq. (19) describesEq. (17) underthe controlstrategy
(18). When ¢ is a constant,the system (19) can be writtenin feedback
interconnectionform as

s+1
52+ 284w45 + (02 — kig) |

$ = [ u=(s+10Gs(s)u (21)

u=-—

1 C{ld) A A
N TS = D(s 22
S 1 [€ e ] |: 2¢i| y ($)ayy (22)

n=y (23)
where the infinite dimensional component D is time invariant. This
feedback interconnectionis shown on the left of Fig. 1. The block
diagram shows that we have simply added a stable pole and a can-
celing minimum phase zero in order to generatea finite dimensional
uniform approximation.

Now, given any y > 0 there exists a finite dimensional system P
with a rational transfer function of degree say 2n such that

P+A=D(@)=1/¢s+ D[ e’ (24)

where the approximationerror A satisfies

[A(jw)l < 1)y
D(s)
- aw ? (S+l)G¢(S) u
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for all frequency w including co. Similarly, given any order n, we
can compute a system P of order n and a number y > 0 such that
the approximation error is smaller in magnitude than 1/y at every
frequency. Moreover, as n goes to infinity the approximation error
goes to zero uniformly. This additive representation of the infinite
dimensional part of Eq. (19) is shown on the right-hand side of
Fig. 1. The system within the dashed line is the approximate system
of degree 2n + 2 that we shall work with. This system has a scalar
output z and a 2 x 1 vector input w with state-spacerealization

0 1 0
X, = x, + iu=Asx+ B,u (25)
8 |:—(a)¢2) — k1¢) —2§¢a)¢:| 8 |:1i| ¢ &

y=[1 1lx, = C,x, (26)

for (s + 1)G,, and a realization
).Cp = Apxp + sz (27)
w=Cpx, (28)

for P. Combining these two state-space models, we arrive at the
following realization for the approximate system:

= | A BO L P lwm Ar tBw 9
X = B,a,C, A, X 0 w = Ayx w

= [—C{¢Cg 0]lx = C¢X (30)
where x = [ng, xT]". When ¢ is modulated according to Eq. (18),
Egs. (29) and (305 describe a finite dimensional linear time-varying
system.

‘We now describe the design procedurefor choosing W, and 7,, in
Eq. (18) so as to stabilize Eq. (19). This is done in the following two
steps. In the first step, we describe how W, and T, can be chosen
so that Eq. (18) stabilizes Egs. (29) and (30). In the second step, we
derive additional conditions that need to be satisfied by W, and 7,
so that Eq. (18) stabilizes the actual system in Eq. (19).

The following lemma provides the conditions for stabilization of
Eqgs. (29) and (30) using Eq. (18).

Lemma 1: The system in Egs. (29) and (30) with the control
strategy (18) is asymptotically stable if and only if there exists a
periodic (with period T}, ), positive definite function P such that

P+ AP+ PA, <0 (31)
forallt <O.

The design procedure consists of choosing W, and T,, so that
Eq. (31) is satisfied for some P and so that

¢av = Wp¢l + (1 - Wp)¢2

where ¢,, is the desired operating condition. Given a ¢,,, once
stable operating points ¢, and ¢, are found such that ¢, < ¢,, < ¢»,
Eq. (32) determines W, . Therefore, what remains is to show how
T,, can be chosen so that Eq. (31) is satisfied.

(32)

Fig. 1 Block diagram for approximation procedure.
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To determine 7,, from Eq. (31), fix T, and subdivide the time
interval [0, 7,,] into M equal parts, 0 <€ <2e < --- <Me=T,,.
Let us denote by P, Py, Ay, and C; the values of P, P, A,, and
C, respectively at time ke Now, if the subdivision is suffciently
fine (or if P is piecewise linear) then

k=1
€ . . .
Pk=PU+E(PU+Pk+2§ Pj>

j=1

(33)

for k > 1. Periodicity of P implies that Py = P,,. This, along with
Eq. (33) at k = M and the periodicity of P gives

(34)

Using the preceding developments, the linear matrix inequality
(LMI) conditions in lemma 1 can be replaced by the finite set of
sufficient LMIs:

Py>0 (35)
. k=1 )
Pi= PRyt PU+ZZ;Pj+Pk =0 (36)
=
M—-1 .
DB )+ AT+ PAg <0 (37)
m=1
P+ Al P+ PA, <0 (38)

where k=1,2,..., M — 1. Here, the unknowns are (Py, Pl, R
Py, ). These matrices can be computed using efficient numerical
techniques that have been developed in the LMI literature?® (for
example, the MATLAB® LMI toolbox).

We now show that Eq. (18) stabilizes the original system (19)
if T,, is chosen so that P satisfies a linear matrix inequality that is
somewhat strongerthan Eq. (31). Noting that the differencebetween
the approximate and actual system is represented by A, it follows
thatif D can admit perturbationslarge enough compared to A, then
stabilization of the actual system is possible. This is stated more
formally in the following two lemmas .

Let £, denote the Hilbert space of functions of time with finite
energy. Roughly speaking, a function f is in £, if and only if

/ FOT f@)dr < 0o
0

We can view the approximate system with input w and output z in
Fig. 1 as a mapping from £, into £,. For each input w of finite
energy, the system generates an output z whose energy is scaled
by a factor. The largest scaling factor, obtained by searching over
all finite energy inputs, is called the induced norm of the system.
The following lemma gives a sufficient condition for stability of the
original system and is an application of the small gain theorem.?’
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Lemma 2: Let y > 0 be given, P be the corresponding uniform
approximation defined in Eq. (24), and the equivalenceratio ¢ sat-
isfy the control law (18) for some (¢, ¢, W,,, T,,). Suppose that the
induced norm of the time-varying system from w to z in Fig. 1 is
strictly less than y. Then, the infinite dimensional system (19) with
the control law (18) is stable.

The preceding lemma suggests that the design variables (¢, ¢,
W,, T,,) are to be selected so that the induced norm of the approxi-
mate system satisfies a specified bound. Such an induced norm can
be guaranteed to exist if an LMI condition that is similar to that in
Eq. (31), and somewhat stronger, is satisfied. This is stated in the
following lemma.

Lemma 3: Let y > 0 be given. The approximate system (29) and
(30) with the control strategy (18) has induced norm strictly less
than y if and only if there exists a periodic (with period 7}, ) positive
definite function P such that

P+ATP+PA,+CIC,
BTP

PB

21:| <0 39)
-y

forall ¢t > 0.

2. Control Design Procedure

The summary of Lemmas 1 and 3 is the following: The switching
strategy in Eq. (18) is guaranteed to stabilize the combustion insta-
bility model in Eq. (19) if a certain LMI condition is satisfied. The
question that arises is if indeed this condition s satisfied for a given
combustion system. In particular, given a desired operating condi-
tion ¢, and values ¢, and ¢, that are ¢; < ¢,y < ¢, the problem is
to determine the design procedure for calculating 7,, such that the
LMI condition(39) canbe satisfied. We addressthis questionby con-
sidering the following three cases: 1) stable-stable switching (This
case corresponds to the behavior of the combustor considered in
Richards et al.'” near the operating point ¢b,, = 0.7 with equivalence
ratio modulated between two stable points.)—the system (17) is sta-
ble at ¢, and ¢,; but not necessarily stable at ¢,,; 2) stable-unstable
switching (This case corresponds to the combustor behavior dis-
cussed in Richards et al.'” near ¢,, = 0.9 with switching between a
stable and an unstable point.)—the system (17) is stable at one of
the points (say ¢;) and unstable at the other (¢,); and 3) unstable-
unstable switching—the system (17) is unstable at ¢, and ¢,.

Figure 2 illustrates these cases. The function shapes shown are
representativeof the three cases, but we make no assumption about
their exact shape or, more precisely, about the relationship between
equivalenceratio and system stability over the entire range of equiv-
alenceratios. The only assumption made is about the stability at the
three points ¢y, ¢,,, and ¢,. In all three cases, ¢; and ¢, must also
satisfy ¢; < ¢,y < @2 so that the time-averagedequivalenceratio can
equal ¢,,, that is, Eq. (32) holds for some 0 < W, < 1. These cases
are considered in some detail in the following.

a. Stable-stable switching. 1If ¢, and ¢, are stable operating
points and the goal is to switch between these two points and still
ensure stability, essentially one needs to switch sufficiently slowly
so that any transients that are induced as a result of the switch-
ing die down during the switching period. That is, if 7, is large
enough, these transients are guaranteed to die down and hence en-
sure stability. In fact, it can be shown that the LMI conditions in

a) Stable-stable switching

b) Stable-unstable switching

© 2 2 :
2 2 L F P
N wl 1 w1 1 | 1
: : : BN

0 PARN 9 0, /‘/ L 5

E (bav E E 0,y 0, ¢l ¢av ¢2

2 ! 2 | °
) y h ) ' =)
S ' ' E ' E
7] ' ' 175] ! 2

¢) Unstable-unstable switching

Fig. 2 Three switching cases based on stability properties at ¢, ¢ay, and ¢;.
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Eq. (39) hold for a sufficiently large T, irrespective of W,,. Because
stability in this case is independent of the pulse width W, any
desired operating equivalence ratio ¢,, between ¢, and ¢, can be
achieved by simply choosing W, accordingto Eq. (32). A procedure
to compute the design parameters is the following:

1) Select ¢, and ¢, such that ¢; < ¢,, < ¢, and the system (17)
is stable at ¢; and ¢,.

2) Choose W, accordingto Eq (32).

3) Choose a large period T,,l and perform bisection between [0,

7,¢] until the smallest time period T™n for which the LMIs in
Eq. (39) hold.

Any T, > T™" will result in stability of the controlled system
(17).

b. Stable-unstable switching. Unlike case a), “instability” or
pressure amplification can result in this case either from switching
or because of operating at an unstable point. Therefore, the fraction
of time spent at the unstable operating point is relevant to stability
of the overall system. That is, stability is determined by both W,
and 7,,. As a result, not all ¢,, between ¢, and ¢, can be achieved
by switching.

The set of all W, and T,, (equivalently, ¢, and 7,,) that resultin
stability of Eq. (17) under the control strategy (18) can be computed
as follows:

1) Select ¢; and ¢, such that ¢, < ¢, < ¢, and the system (17)
is stable at ¢; and unstable at ¢,.

2) Choose a period T,,. Perform bisection on W, between [0, 1]
to determine the smallest W'“‘“ for which the LMIs in Eq. (39) hold.

3) Repeat step 2) for a dlfferent T,.

Forany period T}, > 0, the pulsewidth W, = 1 guaranteesstability
as it corresponds to operation at the stable point ¢ = ¢,. Similarly,
W, =0 results in instability. The bisection in step 2) computes the
smallest pulse width needed to guarantee stability for a fixed pulse
period T,,,. It is clear that large 7,, and large W), (or ¢, close to ¢;)
result in stability of the controlled system.

c. Unstable-unstableswitching. Itiseasy to see thatlarge periods
resultin instability of the original system. Therefore, this case does
not fit into the conceptof stabilization via low frequency switching.
That s, the system cannot be stabilized using the switching strategy
in Eq. (18) if ¢; and ¢, correspond to unstable operating points,
almost always.

B. Nonideal Switching

The switching strategy given by Eq. (18) assumes that transition
between the two equivalenceratios is instantaneous.But, in general,
the transition time depends on the actuator bandwidth (i.e., opening
and closing times of the injector valve) as well as the time taken for
the reaction zone to reach the new equivalence ratio. Consider the
following nonideal switching:

Py for t=0
<;§1(t) for 0<r<3é
o for 6 <t <W,T,—6

o) =\ byt — W,T,, +8) for W,T,—8<t<W,T,+6
&> for W,T,+8<t<T,—&
Gt — T, + ) for T,,-86<t<T,
Dy for t=T,

(40)

where § > 0 is the transition time, ¢§[ are continuous functions of
time that describe the variation of ¢ during transition periods, and
the remaining variablesare as before. It turns out that the delay e~**
might not be a bounded operator, and some assumptions are needed
to extend the analysis of the preceding section. We assume that the
effectof nonideal continuousswitching can be approximatedby that
of a finite number of small ideal switches. In particular,

e~ S e~ S

NZ ]

k=1

for some ay, of the form in the preceding section. With this as-
sumption, it can be shown that Eq. (39) gives sufficient conditions
for stability of the original system provided that the approximate
model (29) and (30) is constructed with N delay terms instead of
two as in the preceding section.

To compute W, and T,, in this nonideal switching case, we pro-
ceed as before by first selecting ¢; and ¢, such that ¢; < ¢,, < ¢,.
The stability properties of the systemat ¢»; and ¢, determine whether
we should follow the design procedure for stable-stable or stable-
unstable case described in the preceding section. In either case, the
computedvaluesof W, and T,, are guaranteedto stabilize the system
only if the delay approximation given above is good. Indeed, § and
the functions ¢, appearingin Eq. (40) strongly influence the quality
of approximation.Large transitiontimes and highly nonlinear varia-
tion of equivalenceratio during transition will make approximation
difficult.

IV. Stabilization in the Presence of Hysteresis

In the preceding section we implicitly assumed that the param-
eter vector f(¢) = (§y, Wy, ki, ko, Ty) is single valued at each ¢
Often a hysteresis mechanism is present in combustion systems.*!
This in turn implies that f(¢) is multivalued between ¢, and ¢,.
Interestingly enough, even in this case, stabilizationis possible us-
ing the same switching strategy as in Eq. (40), with the underlying
conditions involving functional forms of f(¢) for both branches of
hysteresis (Fig. 3). To do this, consider the hysteresis cycle shown
in Fig. 3, and suppose that the desired operating pointis ¢,,. Let us
denote the lower and upper halves of hysteresis cycle by f; and f5,
respectively. Also, suppose that § is the transition time between ¢,
and ¢,, as well as between ¢,, and ¢,. Thus, in the presence of hys-
teresis switching between ¢, and ¢, leads to combustor parameter
variation given by

F (@) @)
J1(Par) for t=0
filg, ()] for 0<t<3$
f1(¢1)=f2(¢1) for §<t<W,T, -6

= 1 falgs(t = W,T,, +8)] for W,T,, —8<t<W,T, +8

Ja(dn) = f1(¢2) for W,,Tm +6<t<T,—38
filds(t =T, +8)] for T,—s6<t<T,
J1(Par) for t=T,

41

which is no more general than the parameter variations generated
by the nonideal switching strategy (40). Therefore, Eq. (39) once
again corresponds to sufficient conditions for stabilization with the
approximate system represented using N delays rather than two, as
discussed in the preceding section.

Let us examine some of the consequences of our analytical re-
sults for stabilization in the presence of hysteresis. First, there is
a minimum value of pulse period 7,, below which stabilization is
not possible. Intuitively, this is because rapid switching results in
very little time for transients to die out. Second, because part of the
hysteresis cycle leads to unstable operating condition, pulse width

£(®)

[

Fig. 3 Hysteresis curve.
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cannot be arbitrary for stabilization. This is similar to the stable-
unstable switching we considered. A third statement we can make
is that because of the nonzero transition time §, short pulses might
not be stabilizing. These statements corroborate the following ob-
servations made in Isella et al.2!: 1) pulsing at a slower frequency
than the unstable frequency stabilizes the system, and 2) shorter
pulses tend to be less effective, in general.

Recall that ¢, and ¢, are design variables that must be chosen
along with W, and 7, so that Eq. (32) and the LMIs (35-38) hold
to guarantee stability. In the presence of hysteresis, an additional
condition, which we implicitly assumed, must hold. This condition
is the following: ¢»; and ¢, must be sufficiently apart so that the
lower and upper halves of the hysteresis cycle meet at ¢, and ¢,:

b (¢1) = f2(¢1)7 f1(¢2) = f2(¢2)
To realize a ¢, and ¢, that are far apart, if the air-flow rate is fixed,
one would require flow-rates of the secondary-fuelto be sufficiently
different at the instances ¢ and ¢ 4 7,,. Hence, at least at one of
these instances, the flow rate of the fuel injector should be large
enough. This corroborates yet another observation made in Isella
et al.2!: 3) the flow rate needed to accomplish successful pressure
suppressionis substantial (about 25% of the primary fuel-flow rate).
It is quite likely that the primary loop of the hysteresis curve in
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-20
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Knoop et al.?% and Isella et al.?! corresponded to an equivalence
ratio change that is commensurate with a 25% change in the fuel-
flow rate. This discussion shows that Eq. (39) provides sufficient
conditions for stabilizationwith infinite switching in the presence of
hysteresis.

When hysteresis is present, a considerably simpler control strat-
egy suffices: a single pulse of sufficient duration and height. This
can be explained using Fig. 3. Let us assume that operation begins
on the upper half of the hysteresis cycle at an equivalence ratio of
¢. (point A in Fig. 3). For stabilization using hysteresis, we need
a pulse of sufficient duration and height so that the equivalencera-
tio ¢, can become effective following which the system can return
to the desired operating point B in Fig. 3 along the lower branch
during the off period. Thus, during this single period the switch-
ing strategy takes the equivalence ratio from ¢,, to ¢, and back.
As long as the pulse duration and width are large enough to allow
transition from ¢,, to ¢,, stabilization will occur. This confirms
the observations (1-3) made in Isella et al.?! As with the infinite
switching strategy, we note that the robustness of this single pulse
strategy is nonexistent;as long as perturbationsare present, the op-
erating point will move from B to A causing pulsing to be invoked
repeatedly.

This paper does not answer the question regarding how general
the existence of hysteresisis in combustors or what the responsible

| 1 1
1 1.2 1.4 1.6 1.8 2

Time (sec)

Fig. 4 Stabilizingeffect of open-loop equivalence ratio modulationbetween two stable points. Response shown on the left half corresponds to operation
at ¢,y ; the right half shows reduction in pressure oscillations obtained from equivalence ratio modulation. Compare with Fig. 10a of Richards et al.!?
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mechanismsare in a combustionsystem for the hysteresis. However,
once it is detected, this paper gives guidelines for determining the
number, width, and height of secondary-fuel pulses to efficiently
stabilize the system.

V. Simulations

‘We now present numerical results to show that a combustionrig,
modeledby Eq. (17), can be stabilizedusing an open-loopswitching
strategy with a nonzero transition time. The simulation model is

i+ 20,0p1 + (02 — ki) +hogn(t — 1) =w  (42)

where w is a process noise vector. We have added w to the system
dynamics to represent the effects of unmodeled dynamics and ex-
ternal disturbances. This additiondoes not affect stability properties
of the system. Numerical results are given for the stable-stable and
stable-unstable switching cases corresponding to the experimental
conditionsin Richards et al.'” Our results with the linear simulation
model corroborate those of Richards et al.'”

For the numerical results presented next, we used an unstable
frequency w of 300 Hz and an equivalence ratio transition time §
of 0.0125 s as in Richards et al.!” White noise with a covariance
of 200 was used as the process noise w. Initial conditions were
randomly set, but the same initial state was used for simulation at
desired operating point ¢,, with no switching and simulation with
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open-loop switching strategy. Table 1 gives numerical values of
other model parameters. These parameters were used to compute
W, using Eq. (32) and the smallest period 7,™" using the LMIs in
Eq. (39), both in the stable-stableand stable-unstableswitching case
and are as follows:

Stable-stable nonideal switching:

W, =0.5, ™ =0.05
Stable-unstable nonideal switching:
W, =0.5, M = 0.05

For solving the LMIs, we used € = §/2.

Table 1 Numerical values of parameters used in simulations
(Equivalence ratios ¢y, ¢y, ¢2, pulse width W, and period
T,, are from Richards et al.l”

Stable-stable

(0.65,0.7,0.75)
(300, 300, 300)
(0.05,0,0.0D

Stable-unstable

(0.8,0.9,1)

(300, 300, 300)
(0.05,0, —0.005)
(@¢), Opay» 0p) (g, @gyy» ©p)
(g, w5, 0p,) (g, w5, 0p,)
(Tpr» Tpay> Tg2) (7w /wy,, 27 [y, T/ 0py) (T [0y, 270 [ Wy, T/ )
Wy, Tn) (0.5,0.2) 0.5,0.2)

Parameter

(¢1 s ¢av s ¢2)
(wg,, Wg,, , W)
(1> Epar > Co2)
(kg ki k1)
(kag, , kaguy» k2gy)

|
1 1.2 1.4 1.6 1.8 2

Time (sec)

Fig. 5 Stabilizingeffect of open-loopequivalence ratio modulationbetween a stable and an unstable point. Response shown on the left half corresponds
to operation at ¢, ; the right half shows response with equivalence ratio modulation. Compare with Fig. 7a of Richards et al.!”
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A. Simulation 1: Stable-Stable Switching

Here, the desired operating conditionis unstable, and the strategy
is to switch between two stable points “hopping over” the instabil-
ity. This case corresponds to experimental results near the operat-
ing point ¢,y =0.7 (at an inlet temperature of 367 K) presented in
Richards et al.!” Numerical values used for simulations are givenin
Table 1.

Figure 4 shows pressure response of the simulation model (42).
The left half of the plot shows pressure response at the desired
equivalence ratio ¢,, with no switching. The right half of the plot
shows reduction in pressure obtained with open-loop switching.
The plot at the bottom shows switching sequence with nonzero
transition time. It is clear that the open-loop switching strategy is
stabilizing. This figure compares very well with the experimental
results presented in Richards et al.'” (see Fig. 10a therein).

B. Simulation 2: Stable-Unstable Switching

In this case the desired operating condition is unstable and is not
an isolated instability as in the preceding case that allowed us to
hop over to a stable operating point. This condition corresponds
to the experimental results near the operating point ¢,, = 0.9 given
in Richards et al.!” and the open-loop control strategy is to switch
between a stable operating point and an unstable operating point.

Figure 5 shows pressure response of the linear simulation model
(42). The left half of the plot shows pressureresponse at the desired
equivalence ratio ¢,, with no switching. The right half of the plot
shows the effect of open-loop switching. The large jumps in am-
plitude is caused by switching to an unstable operating point. The
plotat the bottom shows switching sequence with nonzerotransition
time. As in the preceding case, this figure compares very well with
the experimental results presented in Richards et al.!” (see Fig. 7a
therein).

C. Simulation 3: Evaluation of Results in Richards et al.1¢

The open-loop control strategy is evaluated at three different op-
erating pointsin Richards etal.!® The switchingperiodis still chosen
to be considerably smaller than the unstable frequency. Because the
control strategy evaluated in this paper consists of slow switching,
we discuss the conditionscited in Sec. III and their ability to predict
the results of Richards et al.! as well in this section.

The minimum and maximum overall equivalence ratios used in
Richards et al.'® are ¢; =0.73 (pulse injector off) and ¢, =0.85
(pulse injector on). This means that, unlike the preceding cases, we
can attain any desired equivalence ratio ¢,, in the range [¢;, ¢.]
by selecting an appropriate pulse width W, according to Eq. (32).
The experimental results given in Richards et al.'® correspond to

2 T T T T
1.5

1L
0.5

= o
-0.5

-1.5

0.3 0.31 0.32 0.33 0.34

0.35 0.36 0.37 0.38 0.39 0.4

1.5

0.5

-0.5
-1

-1.5

0.3 0.31 0.32 0.33 0.34

0.35 0.36 0.37 0.38 0.39 0.4

15

0.5

= 0]
-0.5
1}
-15F

-2

0.38

0.39

0.4

0.34 0.35 0.36
Time (sec)

0.3 0.31 0.32 0.33 0.37

Fig. 6 Response of the linear simulation model. The top plot is for operation at ¢,y = ¢; = 0.73 with no switching; the middle plot is for operation at
®av = 0.826 with switching and a duty cycle of 80%; the bottom plot is for operation at ¢,y = 0.7732 with switching and a duty cycle of 36 % . Compare
with Figs. 5,7, and 8 of Richards et al.1
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1) W, =0, ¢,, =0.73 (fuel injector off); 2) W, =0.2, ¢,, =0.826
(with a duty cycle of 80%); and 3) W, =0.64, ¢y =0.7732 (with
a duty cycle of 36%). Results in Richards et al.'® at a switching
frequency of 50 Hz (7,, =0.02 s) show that pressure oscillations
are slightly larger with the switching strategy 2) is applied than
when the injector is off (as in 1). It is also shown in Richards et al.lé
that pressure oscillations are significantly reduced by applying the
strategy 3). These observations can be explained with the same
analytical developments of Sec. III with a suitable choice of the
combustor model parameters.
The following values are chosen for numerical simulation:

wy =600 =k, = kyy =m/7, ¢y = 0.01

Zo.7732 = 0.05, o826 = 0.003, &g, = 0.001

These choices are motivated by the experimental conditions in
Richards et al.!® A transition time of § =0.005 s was used. The
corresponding results are shown in Fig. 6. Indeed stabilization oc-
curs in case 3), and larger oscillations are present in case 2). This is

similar to the observationsin Figs. 5, 7, and 8 of Richards et al.!®

V1. Conclusions

The discussionsin Secs. [I-V show that an analytical model can
be derived, which provides explanationsand guidelines for the suc-
cess of an open-loop control strategy with a large enough switching
period. It was shown that an appropriate switching strategy can be
found for stabilizing the combustor both while switching between
two stable operating points and while switching between a stable
and an unstable operating points. It was also shown that the nu-
merical simulation studies match these analytical predictions and,
more importantly, match the experimental observationsin Richards
et al.lo-l7

The discussions in Sec. III showed that the success of a slowly
switching open-loop control strategy essentially depends on the na-
ture of the parameter vector f(¢) defined in Eq. (20). If f(¢) be-
longs to one of the cases a)-c) defined in Sec. III.A.2, then f(¢)
determinesthe feasibility of the open-loop strategy with the specific
case fixing the parameters of the switching scheme (18). There-
fore, a determination of how f(¢) varies with ¢ in a given rig
is useful for determining the control strategy. Of the parameters
(g, Lpy ki, A1y, A2y, Tg)in f(¢p), the most sensitiveis T. As shown
in Eq. (14), in the case when the instability mechanism is caused
by variations in u’, T =1,; 7, changes with the burning velocity
S., which in turn is quite sensitive to changes in ¢. For example,
in propane-air mixture a 25% change in ¢ leads to a 400% change
in S, (Ref. 30). Also, noting the structure of Eq. (19), it is clear
that changes in the time delay lead to a more drastic change in the
stability pattern of the underlying system rather than changes in the
other parameters of f(¢). In particular,suppose we are interestedin
operating conditions ¢, and ¢,, both of which are stable and ¢,, is
unstable. If the dominant effect of ¢ is on 7, then the system should
exhibit a stable-unstable-stalle pattern as T increases from a value
that corresponds to ¢;, through ¢,, to ¢,. Such stability bands are
known to exist in time-delay systems in general and in the experi-
mentalrig in Richardsetal.!” in particular (Fig. 6). It is worth noting
that in Richards et al.,!” care is taken to ensure that the equivalence
ratio fluctuationsin the feed system are decoupled from the burning
zone. It is therefore quite likely that their configuration consists of
an instability mechanism where fluctuationsin u” are dominant. The
preceding discussions indicate that the results presented in this pa-
per corroborate the observations in Richards et al.'” rather closely.
First, the instability properties of the uncontrolled process parallel
those of the model in Eq. (13). Second, a slow switching strategy
has been shown in Sec. III to lead to stability properties that are
quite similar to the experimental observationsin Richards et al.!”

We have also discussed the results in Richards et al.'® in Sec. III.
This combustor differs from that in their later work!” in two re-
spects. First, variations in ¢’ are present in the rig. This implies
that the time delay the combustor may be due to 7.. Second, the

control strategy in Richards et al.'® was attempted at different duty
cycles; this is in contrast to the later work!” where the duty cycle
was fixed at 50%, and only the values ¢, and ¢, between which
¢ was changed were altered. As mentioned in Secs. II and V, if
the duty cycle is changed the operating point ¢,, shifts. The suc-
cess of the switching strategy in such a case is simply governed
by the value of f(¢,, ). This is quite distinct from the strategy in
Richards et al.!” where ¢,, is fixed. In fact, it can be argued that
in this case, to achieve stabilization, one does not need to switch
between two values in a periodic manner but could simply oper-
ate at a ¢,,, based on the value f(¢,,). If f(¢,,) correspondsto a
stable value, slow switching around this operating condition will
still lead to stability, whereas switching around an unstable value
of f(¢.,) leads to a more unstable response, which might have
been the cause of the observations in Figs. 7 and 8 in Richards
etal.!s

Yet another question thatis raised in Richards etal."” is the num-
ber and location of multiple fuel injectors required to ensure the
success of the proposed switching strategy. Again, this can be quan-
tified using our model and f'(¢). The ultimate goal is the realization
of two values ¢} and ¢] around the desired operating point ¢, at
which stability can be realized. Noting that these values correspond
to the equivalenceratio at the burning section, in the situation where
multiple fuel injectors are used the problem is to identify at least
two choices among various sequences of pulses of fuel injector that
correspond to these desired values. Suppose that there are n fuel
injectors, located at n different locations, and each can, at any in-
stant, be in the on or off mode. The sequence of pulses from these
n injectors at a time instant can be expressedas {ey, ..., e,}, where
each e; can take a value 1 or 0 depending on whether the ith in-
jector is in the on or off mode. Hence, it follows that 2" possible
sequences S; canbe generatedusing these n fuel injectors. The issue
is therefore to identify the mapping from S; to ¢; and find the S; that
correspond to the desired ¢} and ¢;. In general, these sequences
are bound to depend in a complex way on the configuration and
boundary conditionsin a given rig. Once these sequences are iden-
tified, they determinein turn when a giveninjectoris fired. Given the
quasi-static nature of the switching strategy (that is, the switching
frequency is significantly smaller than the unstable frequency), the
time delay between the firing instants of any two injectors might not
be a relevant parameter as was speculated by Richards.'®

‘We have also showed in this paper an explanation for when and
how a combustor can be stabilized using a switching strategy in the
presence of hysteresis2%2! In particular, we have shown that the
same proposition that explained the idea behind stabilization using
the switching strategy in Richards et al.'®!7 provides the analytical
basis for results in the presence of hysteresis. We showed that our
observations based on the model and the proposition matches the
experimental observations 2%-2!

A point worth making is about properties of open-loop control
strategies in general. Unlike closed-loop control strategies, open-
loop control strategies are quite vulnerable to changes in the operat-
ing parameters. As the preceding discussion indicated, the stability
of the open-loop strategy is closely tied to f(¢), and hence its sta-
bility robustnessis conditioned on the sensitivity of f(¢) to various
perturbations and changes in the operating conditions. This should
be kept in mind while implementing open-loop control strategies.
For the switching strategy in Eq. (18), stability depends only on
f(¢$1) and f(¢,) and not on how the function f behaves at other
values of ¢.

Finally, we make a comment aboutthe model in Eq. (17), which is
asecond-order,lumped, time-delay model. Obviously, a fairamount
of simplification has been made in collapsing the complex dynamic
interactions between acoustic modes, heat-release dynamics from
a distributed flame zone, fuel injection, and mixing dynamics into
a simple form. However, the description of the open-loop control
strategy and its impact on the rig using the time-delay model as
in Eq. (17) represents a very useful guideline and an important
beginningforhow the physicalmodelcan be expandedappropriately
to encompass various dynamics exhibited by a combustionrig with
and without active control.

1.17
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